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We present a novel framework for obtaining large hierarchies in axion decay constants as well as
trans-Planckian field excursions, with no need for tuning or a large number of fields. We consider
a model with two or more CFTs with a common cutoff, that are linked by a gauged diagonal
symmetry. This construction is dual to the geometry of a warped space with two or more throats
glued at a common brane, allowing for calculability. Many applications of our setup are possible,
such as ultra-light axions, natural inflation, and relaxion models.
I. INTRODUCTION
Axions are present in several well-motivated ex-
tensions of the Standard Model. These include the
QCD axion to solve the strong CP -problem [1–3],
axion inflation [4, 5], the relaxation mechanism to
solve the hierarchy problem [6], ultra-light dark mat-
ter and dark energy [7–10], and models of tachyonic
particle production [11] (see also [12–14]). More-
over, axion-like particles are abundant in string com-
pactifications [15–17]. For these reasons, among
others, axion searches using a variety of techniques
are a very active field, see e.g. [18].
The axion has a sinusoidal potential generated by
non-perturbative gauge configurations, which are re-
sponsible for the breaking of the continuous shift
symmetry to a remnant discrete one. The leading
potential for an axion a′ respecting the residual sym-
metry a′ → a′ + 2pif ′ can be written as
V (a′) ∼Λ4
[
1− cos
(
a′
f ′
)]
, (1)
where f ′ is the axion decay constant and Λ is the
scale associated with the non-perturbative physics.
Since the shift symmetry protects their potential
against large corrections, axion-like particles are es-
pecially suitable for models requiring large field ex-
cursions.
Although several applications require large de-
cay constants, there are many obstacles in find-
ing consistent UV completions that generate f ′ >
MPl, where MPl is the (reduced) Planck mass. In
particular, it has proven difficult to obtain axions
with super-Planckian decay constants directly from
String Theory [19–21]. Furthermore, the Weak
Gravity Conjecture (WGC) [22] applied to 0-forms
would mean that higher-order corrections to the po-
tential become important for such axions.
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One way to circumvent some of these issues are
models having two or more sub-Planckian axions
at high energies which combine at low energies
in a way that furnishes a super-Planckian axion.
A well-known construction along these lines is
the Kim-Nilles-Peloso (KNP) mechanism [23] (see
also [24–26]), where this is achieved by a suitable
alignment of the axion potentials. Although this is
an attractive solution, it requires tuning of charges
[25, 27]. A generalization of this mechanism is
possible in a system with N axions [27–31]. How-
ever, this in general requires a considerable number
of fields in order to achieve large field excursions.
Another possibility to obtain mild trans-Planckian
field values has been pointed out in [32, 33], where
two axions acting as Stu¨ckelberg fields are mixed
through a gauge field.
In this letter, we point out that an exponential hi-
erarchy of decay constants can be naturally obtained
if the axions arise as composite states from some
(nearly) conformal sectors. Our minimal model re-
quires only two such sectors, charged under a weakly
gauged abelian symmetry, which is broken when
they undergo confinement at low energies. Since the
decay constants of the resulting Stu¨ckelberg fields
are set by the respective confinement scales, in con-
trast to other constructions, they can easily be sep-
arated by a large hierarchy, with no tuning. This
setup can be given a dual description by using the
AdS/CFT correspondence in terms of slices of AdS5
space glued together at a common brane [34] (see
also [35–39]), making it calculable. Our main result
in this description then acquires a pleasing interpre-
tation, where an exponential hierarchy of scales can
be obtained uniquely from geometry. Furthermore,
in order to explore the rich model building possibil-
ities of this framework, we also study models with
more than two conformal sectors, which are dual to
multiple throats. We then discuss how axions with
hierarchically different decay constants can be ob-
tained using this setup.
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2II. SUPER-PLANCKIAN DECAY
CONSTANTS FROM CFTS/THROATS
We consider two conformal sectors, each of them
having a global U(1) and SU(N) symmetry. The
diagonal subgroups of the U(1)s and SU(N)s are
gauged by two vector fields Aµ and Gµ, respectively.
The Lagrangian reads1
L =
2∑
i=1
(LCFT,i +AµJµi + Tr[GµJ µi ])
− 1
4g2
FµνF
µν − 1
2g′2
Tr
[
GµνG
µν
]
, (2)
where LCFT,i are the Lagrangians of the two CFTs
and Jµi and J µi are the U(1) and SU(N) currents,
respectively. The traces are over the SU(N) color
indices. Next we assume that the CFTs have mixed
U(1) − SU(N)2 anomalies and that they undergo
confinement at low energies. From anomaly match-
ing (and since the SU(N) symmetries are gauged),
we know that the theory at energies below the con-
finement scales must contain composite scalars ai
which encode these anomalies. Since also the U(1)
symmetries are gauged, we have under a gauge
transformation
ai(x) → ai(x) + Λ(x) ,
Aµ(x) → Aµ(x)− ∂µΛ(x) . (3)
The ai have the right quantum numbers to act as
Stu¨ckelberg fields for Aµ and we expect the effective
Lagrangian below the confinement scales to be
Leff =
2∑
i=1
{
f2i
2
(Aµ + ∂µai)
2
+
ciai
8pi2
Tr
[
GµνG˜
µν
]}
− 1
4g2
FµνF
µν − 1
2g′2
Tr
[
GµνG
µν
]
+ . . . , (4)
where fi are the decay constants of the ai which
are of the order of the respective confinement scales,
the coefficients ci encode the mixed U(1)−SU(N)2
anomalies, and the ellipsis stands for contributions
from other composite states which we will take into
account later. One combination of scalars, which
we will call a˜, is eaten, and the other combination
a′ will be identified as the physical axion. These are
given by
a˜ =
f21a1 + f
2
2a2√
f21 + f
2
2
, a′ =
f1f2(a1 − a2)√
f21 + f
2
2
, (5)
where the new basis is defined such that a˜, a′ are
canonically normalized. In terms of these fields, the
1 We follow the usual conventions Tr[TaT b] = δab/2 and
G˜µν = µναβGαβ/2.
Lagrangian can be written as
Leff = f
2
1 + f
2
2
2
(
Aµ +
∂µa˜√
f21 + f
2
2
)2
+
1
2
(∂µa
′)2
+
1
8pi2
(
a˜
f˜
+
a′
f ′
)
Tr
[
GµνG˜
µν
]
− 1
4g2
FµνF
µν − 1
2g′2
Tr
[
GµνG
µν
]
+ . . . (6)
The physical mass of the U(1) gauge field is given
by MA = g
√
f21 + f
2
2 . The effective decay constants
of a˜ and a′ are
f˜ =
√
f21 + f
2
2
|c1 + c2| , f
′ =
f1f2
√
f21 + f
2
2
|c1f22 − c2f21 |
. (7)
Under gauge shifts we now have
a˜(x) → a˜(x) + Λ(x)
√
f21 + f
2
2 ,
Aµ(x) → Aµ(x)− ∂µΛ(x) , (8)
while a′ is neutral. For c1 + c2 6= 0, this gauge
transformation is anomalous due to the coupling to
Tr[GµνG˜
µν ]. As in [32], we cancel this anomaly by
adding a multiplet of chiral fermions which are ex-
ternal to the CFT and are charged under the gauge
symmetries (see Appendix A for more details). We
may now safely integrate out the massive gauge field
Bµ ≡ Aµ+ ∂µa˜/
√
f21 + f
2
2 , leaving only the physical
axion a′ with decay constant f ′.
Let us consider the case where only CFT1 has a
U(1) − SU(N)2 anomaly, corresponding to c2 = 0.
Since the decay constants f1 and f2 are of the order
of the confinement scales of the CFTs, a wide range
of hierarchies among them is easily obtained. We in
particular get:
f ′ '

f21
|c1|f2 , f1  f2
f1
|c1| , f1  f2 .
(9)
For example, if CFT1 confines already near the
Planck scale, f1 ∼ MPl, we easily obtain a super-
Planckian decay constant for f2  MPl. The pos-
sibility to enhance the decay constant to trans-
Planckian values through a mixing induced by gauge
fields was already pointed out in Refs. [32, 33]. How-
ever, only a modest enhancement O(10MPl) was
considered there. In our construction, the decay
constants are generated through dimensional trans-
mutation such that an exponentially enhanced ratio
f1/f2 can be generated without tuning charges as in
alignment models [23, 25] or using a large number
of axion fields [27, 28] such as in clockwork models
[29, 30] or the N -relaxion [31]. This exponential en-
hancement will be immediately obvious to see in the
dual picture presented below.
In order to confirm the above reasoning and to
take into account the composite states that we have
neglected, we next consider the dual perspective and
3FIG. 1. Schematic drawing of the two-throat construc-
tion. The coordinates z1 and z2 grow from the UV brane
to the IR1 and IR2 branes, respectively. The wave-
functions of the fields A5,1 and A5,2 are represented by
dashed lines.
assume that each CFT can be described by a slice
of AdS5 space [40, 41], which are glued together at a
common UV brane [34, 35] (cf. Fig. 1). Each throat
has proper length Li and, for simplicity, the same
curvature scale k. In conformal coordinates the met-
ric in each throat is
ds2 = (kzi)
−2 (ηµνdxµdxν − dz2i ) . (10)
The warp factor is given by (kzi)
−1, with the
UV brane at zUV = 1/k and the IR branes at
zIRi = e
kLi/k. The stabilization of the two throats
can be ensured by the Goldberger-Wise mechanism,
analogously to the implementation in the Randall-
Sundrum scenario, see e.g. Ref. [42].
The gauged U(1) and SU(N) symmetries of the
CFTs are dual to corresponding gauge fields which
propagate in the bulk of both throats. For later
convenience, we consider separate U(1) gauge fields
AM,i in the two throats and then break the gauge
symmetries to the diagonal subgroup on the UV
brane. The SU(N) gauge field GM , on the other
hand, is taken to propagate in both throats from the
outset. Furthermore, the U(1)−SU(N)2 anomalies
are encoded by mixed Chern-Simons terms in the
bulk. The Lagrangian then reads
√
gLB =
2∑
i=1
{
ci
16pi2
MNPQRAM,iTr
[
GNPGQR
]
− (kzi)
−5
4g25,i
FMN,iF
MN
i −
(kzi)
−5
2g′25
Tr
[
GMNG
MN
]}
. (11)
For simplicity, we will take the gauge couplings g5,i
to be equal. The coefficients ci are the anomaly
coefficients, taken to be integers. At the UV brane,
we consider
LUV = v
2
2
(∂µpi1 −Aµ,1 +Aµ,2)2 , (12)
where pi1 is the Goldstone mode of a bifundamen-
tal scalar and v is its vacuum expectation value.
We introduce Rξ gauge-fixing terms in the bulk
and on the IR branes to decouple the vector and
scalar modes and take the limit ξ → ∞ [36, 43].
The boundary conditions at the IR branes are then
given by Aµ,i|IRi = ∂zi(A5,i/(kzi))|IRi = 0 and
∂ziGµ|IRi = G5|IRi = 0. Each abelian sector fur-
nishes a scalar zero mode, a linear combination of
which will be our axion, and the non-abelian sec-
tor has an unbroken gauge symmetry which will be
responsible for the axion potential. Note that we
do not introduce gauge-fixing terms for the abelian
gauge bosons on the UV brane. Their vector and
scalar modes thus still mix on the UV brane and we
are not yet in unitary gauge.
Let us consider the holographic effective action at
the UV brane. This is obtained by integrating out
the bulk using profiles that satisfy the bulk equa-
tions of motion as well as the IR boundary condi-
tions [44]. We will work at low energies, at lowest
order in p2 (see Appendix B), or equivalently, ne-
glecting all but the lowest mode in the Kaluza-Klein
(KK) expansion (see Appendix C). In addition, for
the non-abelian gauge boson, only the zero-mode
contributes to the axion potential [45]. The p = 0
profiles for the abelian gauge fields are given by
A5,i = kzi ai(x) , Aµ,i =
z2i − z2IRi
z2UV − z2IRi
Aµ,i(x) , (13)
and simply G5(x, zi) = 0 and Gµ(x, zi) = Gµ(x)
for the non-abelian gauge field. For future conve-
nience, we have normalized the vector wave func-
tions to unity on the UV brane. If there is no risk
of confusion, the bulk fields and their respective zi-
independent zero modes are denoted by the same
symbol. Plugging in these profiles and integrating
over zi, we obtain the effective Lagrangian
Leff = v
2
2
(∂µpi1 −Aµ,1 +Aµ,2)2− 1
2g′2
Tr
[
GµνG
µν
]
+
2∑
i=1
{
1
kg25∆z
2
i
(
Aµ,i +
k∆z2i
2
∂µai
)2
+
cik∆z
2
i
16pi2
aiTr
[
GµνG˜
µν
]− Bi
4g25
Fµν,iF
µν
i
}
, (14)
where
∆z2i ≡ z2IRi − z2UV, Bi = Li
[
1− 3
4kLi
+O
(
z2UV
z2IRi
)]
(15)
and g′−2 ≡ g′−25 (L1 +L2). Taking the limit v →∞,
we integrate out the bifundamental scalar and set
Aµ,1 = Aµ,2 ≡ Aµ. We now read off the effective
coupling constant of Aµ to be g
−2 ≡ g−25 (B1 + B2).
We then rescale ai → 2ai/(k∆z2i ) which upon defin-
ing f2i ≡ 2/(kg25∆z2i ) reproduces Eq. (4) as expected
due to the AdS/CFT duality. Replacing the values
of the physical parameters, at lowest order in kLi
and z2UV/z
2
IRi
we get the decay constant
f ′ =
√
2k g−2
L1 + L2
√
e2kL1 + e2kL2
|c1e2kL1 − c2e2kL2 | . (16)
4Taking the anomaly coefficient c2 = 0, we obtain
f ′ '

√
2k g−2
L1 + L2
ek(L2−2L1)
|c1| , L2 > L1√
2k g−2
L1 + L2
e−kL1
|c1| , L1 > L2 .
(17)
These results for the decay constant correspond
to Eqs. (7) and (9) in the dual description. As
discussed in Appendix C, they can also be de-
rived using a KK expansion in the two-throat sys-
tem. The exponential enhancement for L2 > L1
may be intuitively understood by noting that, for
c2 = 0, we have limited the anomalous coupling
to only throat1 while the axion a
′ can propagate
in the full space. This mismatch leads to a dif-
ference in the normalization between the axion ki-
netic term, which contributes to the numerator of
Eq. (16) and the anomalous couplings, which con-
tribute to the denominator, leading directly to the
factor exp[k(L2 − 2L1)] above (cf. also Fig. 1).
As an illustration of the enhancement, for k =
1018 GeV, c1 ∼ g ∼ O(1), L2 = 20 k−1, L1 = L2/4,
we get f ′ ∼ 1022 GeV.
A common concern when faced with trans-
Planckian axions is the WGC. In particular, impor-
tant constraints arise from the coupling of the axion
with gravitational instantons, see e.g. [46–49]. The
effective decay constant for this coupling arises from
an integral over both throats. Since the graviton
and the axion propagate in all throats, in contrast
to the case leading to Eq. (17) there is no mismatch
between the normalization of the axion kinetic term
and its coupling to gravity which could lead to a
super-Planckian decay constant. This implies that
the axion couples to gravity with some decay con-
stant fg .MPl so that gravitational instantons sat-
isfying the action bound Sinst . MPl/fg will not
lead to large corrections to the axion potential [50].
In order to generate a potential as in Eq. (1),
we assume that the SU(N) gauge symmetry con-
fines at a scale smaller than f1,2. In Refs. [50, 51]
(also considered in [32, 33]), it is argued that a non-
vanishing potential for the axion field can be gen-
erated even though the fermions which cancel the
anomalies are massless in the UV. The resulting po-
tential in Refs. [50, 51] relies on the combination
of the ‘t Hooft determinant term and four-fermion
couplings which arise from integrating out the gauge
field. Although this particular construction seems to
differ from the literature [52–54],2 which agrees that
the QCD θ parameter is unphysical in the presence
of massless quarks in the SM, the authors remark
that the crucial difference in their mechanism is that
there is only one generation of chiral fermions [58].
2 On the other hand, one may argue that the limit mu → 0
cannot be unambiguously defined [55] (see, however, also
[56, 57]).
Independently of their construction, it is conceiv-
able that a non-vanishing axion potential can be ob-
tained if one considers some additional model build-
ing which gives masses to the fermions from an ex-
ternal source. For example, one can promote the
fermions on the UV brane to bulk fermions and set
the boundary conditions such that each one has a
zero-mode. The latter contribute to the anomalies
on the UV brane and allow to cancel them along
the lines of Appendix A. The fermions are in par-
ticular charged under the abelian gauge symmetry,
forbidding mass terms in the bulk and on the UV
brane. This symmetry is broken on the IR branes,
on the other hand, and we can thus add mass terms
for the fermions on these branes. If the zero-modes
are localized towards the UV brane, their resulting
masses can be suppressed compared to the IR scales,
allowing for a controllable size of the axion poten-
tial.3
In addition to obtaining a single trans-Planckian
decay constant, using this framework one can con-
struct models that have multiple axion fields with
hierarchically different decay constants. For illustra-
tion, let us double the spectrum such that we have
two abelian fields AM,i and BM,i which can propa-
gate in both throats with i being the throat label.
We also add two non-abelian gauge fields GAM and
GBM which have anomalous couplings to the AM,i
and BM,i, respectively. Let us limit the anomalous
coupling to GAM only to throat i = 1 and the one to
GBM only to throat i = 2. Assuming L2 > L1, we
then have from Eq. (16) that the decay constants
are exponentially separated
f ′A
f ′B
≈ e2k(L2−L1)  1 , (18)
where, for simplicity, we have taken the anomaly
coefficients to be order one. The potential at low
energies can then be written as
V =Λ4A
[
1− cos
(
a′
f ′A
)]
+ Λ4B
[
1− cos
(
b′
f ′B
)]
, (19)
where a′ and b′ refer to the uneaten 4d scalar fields.
This setup can, for example, be applied to a two-
component axion model with an ultra-light axion,
which can constitute most of the dark matter, and
the QCD axion as the other component [8]. Such
models have clear phenomenological consequences
as one can explicitly compute all the couplings of
the axion-like fields to the Standard Model particles.
The details of this construction will be presented in
a future work.
Another possibility is to consider only the field
AM,i coupled to both G
A,B
M , to generate a single field
3 The bulk fermions also contribute to the Chern-Simons
terms, see e.g. [59]. If their bulk masses are somewhat
larger than the AdS scale, as required for localized zero-
modes, any perturbative corrections to the axion potential
are highly suppressed, see e.g. [43, 60].
5potential with two cosines with hierarchically differ-
ent decay constants, as required in relaxion models
[6]. Such a construction was explored in [61].
III. SEVERAL CFTS/THROATS: A
PLAYGROUND FOR GENERATING
HIERARCHIES
Let us generalise the setup of the previous sec-
tion to several CFTs with a common cutoff, which
are then dual to several throats with a common UV
brane. Such a multi-throat setup combined with
kinetic mixing and alignment allows us to construct
scenarios with multiple hierarchical decay constants.
In particular, we can reproduce the alignment mech-
anism with two cosines in the potential, as in the
original KNP model, and also obtain the alignment
with N axions, as in clockwork models. Moreover,
the multi-throat construction, with warped (or also
flat) geometry, provides many possibilities for model
building.
We add one U(1) gauge field AM,i with gauge
coupling g5,i for each throat, where i = 1, ... , N
and N is the number of throats. In order to break
the U(1) gauge symmetries on the IR branes, we
then impose the boundary conditions Aµ,i|IRi =
∂zi (A5,i/(kzi)) |IRi = 0.
As in Sec. II, the UV brane contains bifundamen-
tal scalars pii linking Aµ,i and Aµ,i+1. For simplicity,
we will work directly in the limit where vi → ∞,
such that only the diagonal gauge symmetry sur-
vives, which amounts to identifying the vector fields
at the UV brane, i.e. Aµ,i|UV ≡ Aµ. Furthermore,
of the N scalars coming from the scalar zero modes,
one linear combination will be eaten by the diagonal
vector field, leaving only N − 1 propagating scalars
in unitary gauge [34, 35].
Next, we can add anomalous couplings such that
each AM,i couples with different non-abelian gauge
groups, each one characterized by a capital letter
superscript I = 1, . . . , nG. Using the axion profiles
A5,i = kziai(x), we then get Leff ⊃
∑nG
I=1
k∆z2i
2 C Ii ,
where
C Ii ≡
cIi
8pi2
aiTr
[
GIµνG˜
I,µν
]
, (20)
∆z2i is given in Eq. (15), and c
I
i are the anomaly
coefficients. These couplings generically lead to an
anomaly of the diagonal gauge symmetry at the UV
brane, which may be cancelled by adding suitable
fermion multiplets [32] or by imposing that the rela-
tion
∑
i,I c
I
i = 0 is fulfilled (for details, see Appendix
A).
Repeating the same steps as in Sec. II, the effec-
tive Lagrangian becomes
Leff =
N∑
i=1
{
f2i
2
(Aµ + ∂µai)
2
+
nG∑
I=1
C Ii
}
− 1
4g2
FµνF
µν −
nG∑
I=1
1
2g′2I
Tr
[
GIµνG
I,µν
]
, (21)
where f2i ≡ 2/(kg25∆z2i ) as before. The coupling
to Aµ induces a mixing among the axion fields. At
this point, one should perform an SO(N) rotation
to bring the fields from the ai basis to a new ba-
sis where one linear combination a˜ ∝ ∑Ni=1 f2i ai is
eaten and N − 1 modes remain.
Using this setup for three throats, N = 3, and
a single non-abelian field, nG = 1, we can obtain
an enhanced effective decay constant with a one-
cosine potential by imposing a discrete Z3 symmetry
under exchange of the throats. Moreover, for the
case N = 3 and nG = 2, we reproduce a KNP-
like alignment. Another possibility is to consider N
throats with nG = N which leads to an alignment
system with N axions. We illustrate these examples
in Appendix D.
IV. CONCLUSIONS
In order to achieve super-Planckian and more gen-
erally hierarchical decay constants for a system with
multiple axions, we have considered a 4d theory with
multiple CFTs with a common cutoff. The CFTs
have global U(1) symmetries, whose diagonal sub-
group is weakly gauged. The symmetries are broken
when the CFTs confine, leading to corresponding
Goldstone bosons which mix through their coupling
to the gauge boson. Each CFT has a distinct strong-
coupling scale. An exponential hierarchy among the
decay constants is then achieved naturally through
dimensional transmutation.
The dual picture corresponds to a warped multi-
throat geometry. An exponential enhancement of
the decay constants is given by the warped factor
without requiring a large number of axions or large
charges. Specifically, the enhancement is controlled
by the difference of the throat lengths and has a
simple geometric interpretation as can be seen in
Fig. 1 and Eq. (17).
A possible direction for future investigation is
whether a string embedding for our construction is
attainable. In addition, the multi-throat scenario is
an interesting playground for several applications.
Using this setup, one can naturally obtain models
where the dark matter is composed of multiple ax-
ions, constructions with interacting dark matter and
dark energy, and realizations that require multiple
hierarchies of decay constants, to mention a few ex-
amples. We hope that this framework can provide
new model building avenues.
Acknowledgments
We thank Sebastian Ellis, Arthur Hebecker,
Rachel Houtz, Oriol Pujolas, Fabrizio Rompineve,
Alexander Westphal, and Fang Ye for useful dis-
cussions. We also thank Gary Shiu and Wieland
Staessens for correspondence regarding their work.
The work of NF was supported by the Deutsche
6Forschungsgemeinschaft under Germany’s Excel-
lence Strategy - EXC 2121 “Quantum Universe” –
390833306. The work of CSM was supported by
the Alexander von Humboldt Foundation, in the
framework of the Sofja Kovalevskaja Award 2016,
endowed by the German Federal Ministry of Educa-
tion and Research and also supported by the Clus-
ter of Excellence “Precision Physics, Fundamental
Interactions, and Structure of Matter” (PRISMA+
EXC 2118/1) funded by the German Research Foun-
dation (DFG) within the German Excellence Strat-
egy (Project ID 39083149).
We also thank Gia Dvali for his simple and general arguments.
Appendix A: Gauge anomaly cancellation
Let us consider the action forN throats, with bulk
couplings in each throat of the form
LB ⊃ c
I
i
16pi2
MNPQRAM,iTr
[
GINPG
I
QR
]
, (A1)
where the index i runs over the throats and the in-
dex I over the different SU(N) groups. On the UV
brane, we can also add couplings of the bifunda-
mental fields pii, which link Aµ,i to Aµ,i+1, to the
non-abelian groups:
LUV ⊃
cIpi,i
8pi2
pii Tr [G
I
µνG˜
I,µν ] . (A2)
With such terms present, a gauge transforma-
tion AM,i → AM,i − ∂M Λi(x, zi) generates brane-
localized anomalies
δLbrane =
∑
I
cIpi,i−1 − cIpi,i ± cIi
8pi2
Λi(x)Tr
[
GIµνG˜
I,µν
]
,
(A3)
where cIpi,0 = c
I
pi,N = 0, the c
I
pi,i are present only at
the UV brane, the plus (minus) sign is obtained at
the UV (IRi) brane and Λi(x) equals Λi(x, zi) at the
respective brane.
Admitting the boundary conditions Aµ,i|IRi = 0,
for all i, the IR anomalies are global and hence
harmless. The anomalies at the UV brane, on the
other hand, are cancelled if for each i and I the con-
dition cIpi,i−1 − cIpi,i + cIi = 0 is satisfied.
In addition, we can get contributions to cancel
the anomalies by adding suitable fermions on the
UV brane. For simplicity, let us focus on the case
that the strong groups SU(N)I propagate in at most
two throats. For each strong group, we may add two
pairs of chiral fermions, ψαL and ψ
α
R, where α = 1, 2
is a flavor index, which are charged under the U(1)i
and which transform in the fundamentals and anti-
fundamentals of the SU(N)I, respectively (see also
[32]). The fermionic Lagrangian on the UV brane is
then
Lψ =
∑
α
ψ
α
L iσ
µDµψ
α
L + ψ
α
R iσ
µDµψ
α
R , (A4)
where Dµ = ∂µ + i
∑
i q
α,i
L,RAi,µ + iG
I
µ and q
α,i
L,R are
the U(1)i charges of the fermions. Under a U(1)i
gauge transformation
ψαL,R → ψαL,R ei q
α,i
L,RΛi , (A5)
the fermionic terms transform as
δLψ=
∑
i
Λi
(
∂µJ µψ,i+
Amixi
8pi2
Tr [GIµνG˜
I,µν ]
)
, (A6)
whereAmixi = 12
∑
α(q
α,i
L −qα,iR ) and J µψ,i is the U(1)i
current of the fermions.
Let us focus on N=2 throats. The mixed U(1)i−
SU(N)2 anomalies from the fermions in Eq. (A6)
cancel with those in Eq. (A3) and cubic U(1)3i
anomalies cancel among the fermions by choosing
charges which satisfy
∓cIpi,1 +Amixi =−cIi ,
∑
α
[
(qα,iL )
3−(qα,iR )3
]
= 0, (A7)
where the minus (plus) sign refers to i = 1 (i = 2).
Adding the equations for the i = 1 and i = 2 mixed
anomalies, one obtains the condition for the cancel-
lation of the mixed anomaly of the diagonal gauge
symmetry. Together with the corresponding condi-
tion for the cubic anomaly, these are the remaining
constraints in the v →∞ limit,∑
α
qαR−qαL=cI1+ cI2 ,
∑
α
(qαR)
3−(qαL)3 =0 , (A8)
where qαL,R ≡
∑
i q
α,i
L,R. These equations have solu-
tions for integer charges when cI1 + c
I
2 is divisible by
six. One possible choice, for the case cI1 + c
I
2 = 6,
is given by q1L = 12, q
2
L = 1, q
1
R = 10, q
2
R = 9. For
other possibilities, see [32]. In particular, the in-
clusion of bulk Chern-Simons terms for the abelian
gauge fields can alleviate the constraints on the
charges and the cIi that are needed in order to satisfy
Eq. (A8), without modifying the axion potential.
This also allows to satisfy the anomaly cancellation
conditions with only one generation of fermions, ψL
and ψR (cf. the discussion about the axion potential
in Sec. II).
Appendix B: Holographic action and
higher-dimensional operators
Here we give the details of the procedure to obtain
the effective Lagrangian in Eq. (14). Starting from
the action in Eq. (11), the equations of motion for
Aµ,i and A5,i in Rξ gauge read:
4[
ηµν
(
− ∂zi (kzi∂zi)
kzi
)
− ∂µ∂ν
(
1− 1
ξi
)]
Aν,i = 0,[
+ ξi∂zi
(
(kzi)
−1∂zi
) ]A5,i
kzi
= 0. (B1)
4 For holographic calculations, it is customary to work in the
A5 = 0 gauge. We prefer the Rξ gauge to avoid subtleties
in the treatment of the topological terms.
7We look for solutions of these equations of motion
that satisfy the IR boundary conditions Aµ,i|IRi =
∂zi(kziA5,i)|IRi = 0. For simplicity, let us take the
unitary gauge ξi → ∞ in the bulk. This decouples
all but the zero-momentum mode of A5,i, such that
the solution is A5,i = kziai(x), which is the same
as in Eq. (13). It is also convenient to separate
the vector into transverse and longitudinal polar-
izations Aµ,i = A
T
µ,i + A
L
µ,i, such that ∂
µATµ,i = 0.
Going to momentum space, we make the ansatz
AT,Lµ,i (p, z) = f
T,L(p, z)AT,Lµ,i (p). The holographic
profiles fT,L(p, z) are given by [44]
fT(p, z)=
z
zUV
J1(pzIRi)Y1(pz)−J1(pz)Y1(pzIRi)
J1(pzIRi)Y1(pzUV)−J1(pzUV)Y1(pzIRi)
,
fL(p, z)=fT (0, z)=
z2i − z2IRi
z2UV − z2IRi
, (B2)
and are normalized to unity on the UV brane. We
note that at zero momentum, we recover the expres-
sion in Eq. (13). Inserting these profiles in the bulk
and integrating, only the boundary terms at the UV
brane survive, leading to the effective Lagrangian:
Leff ⊃
2∑
i=1
{
1
kg25∆z
2
i
(
Aµ,i +
k∆z2i
2
∂µai
)2
− Li
4g25
[
1− 3
4kLi
+O
(
z2UV
z2IRi
)]
Fµν,iF
µν
i
+
7z2IRi
192 kg25
[
1 +O
(
z2UV
z2IRi
)]
Fµν,iFµνi + · · ·
}
.
(B3)
The coefficient of the kinetic term is identified as
Bi in Eq. (14). We have also written the lead-
ing dimension-six correction. It is suppressed by
z−2IRi = k
2 exp (−2kLi), which is of the order of
the KK mass scale squared, as expected on general
power counting grounds [62].
Similar considerations apply for the non-abelian
sector, except for the different boundary conditions
∂ziGµ,i|IRi = G5,i|IRi = 0. For details about the
higher-order interactions correcting the topological
term, we refer the reader to Ref. [45].
Appendix C: Kaluza-Klein derivation of the
effective decay constant
Here we present an alternative derivation of the
main results of Sec. II using a KK expansion in the
two-throat system. We work in unitary gauge5 and
in the limit v → ∞ such that there is one abelian
vector field AM which propagates in all throats. The
5 Before fixing the gauge, the action is explicitly gauge in-
variant, as long as the anomaly cancellation conditions dis-
cussed in Appendix A are satisfied.
U(1) gauge symmetry is broken on the IR branes by
imposing the boundary conditions
Aµ,i|IRi = 0 , ∂zi
(
A5,i
kzi
)∣∣∣∣
IRi
= 0 . (C1)
On the UV brane, the gauge fields need to satisfy the
following boundary conditions in the limit v → ∞
[34, 35]:
(Aµ,i −Aµ,i+1)UV = 0,
N∑
i=1
1
kzig25
∂ziAµ,i
∣∣∣∣
UV
= 0 ,
N∑
i=1
1
kzig25
A5,i
∣∣∣∣
UV
= 0 , ∂zi
(
A5,i
kzi
)∣∣∣∣
UV
= 0 . (C2)
This arises from requiring that, on the UV brane,
the boundary terms vanish and the functions
A5,i/(kzi) and ∂zi(A5,i/(kzi)) are continuous. The
boundary conditions allow for a massless mode for
each throat with wavefunction
A5,i = Ni kzi ai(x) , (C3)
where the normalization constant Ni is obtained
from demanding that the kinetic term of ai is canon-
ically normalized. Then Eq. (C2) implies that
N∑
i=1
Ni ai = 0 . (C4)
We may use this equation to rewrite, for instance,
the field aN in terms of the other N − 1 4d fields.
This is an important point in our construction as it
leads to mixing in the axion moduli space.
Let us focus on the case with N = 2 throats.
Integrating Eq. (11) over zi, we get
S4D ⊃
∫
d4x
{
(∂µai)
2 +
ciai
8pi2fi
Tr
[
GµνG˜
µν
]}
(C5)
for i = 1, 2 and where [36, 63]
f−1i ≡
∫ zIRi
zUV
dziNi kzi = g5
√
k∆z2i
2
(C6)
with ∆z2i given in Eq. (15). Assuming kL  1, we
then get fi ∼ k e−kLi . Now a1 and a2 are related
by Eq. (C4). Therefore, we are left with just one
degree of freedom with action
S4D⊃
∫
d4x
{
(∂µa
′)2 +
a′
8pi2feff
Tr
[
GµνG˜
µν
]}
,
(C7)
where a′ =
√
1 +N 21 /N 22 a1 and the effective decay
constant feff is given by Eq. (16), reproducing our
main result.
8Appendix D: Examples with N > 2 throats
In this appendix, we discuss three examples for
a system with N > 2 throats. Let us first explore
the choice N = 3 and nG = 2 (with the non-abelian
gauge fields GA,BM ) which can be used to obtain a
KNP-like alignment. This leads to a system of two
axions which will allow us to obtain a potential that
has an almost flat direction. In order to read off the
effective decay constant, we diagonalize the axion
system by performing an SO(3) rotation and then
canonically normalize the fields. In the new basis,
we have
a′1 =
f2(f
2
1a1 − (f21 + f23 )a2 + f23a3)√
f21 + f
2
3
√
f21 + f
2
2 + f
2
3
, (D1)
a′2 =
f1f3(a1 − a3)√
f21 + f
2
3
, a˜ =
f21a1 + f
2
2a2 + f
2
3a3√
f21 + f
2
2 + f
2
3
.
Then the Lagrangian in Eq. (21) becomes
L′eff =
M2A
2g2
(
Aµ + g
∂µa˜
MA
)2
+
2∑
i=1
1
2
(∂µa
′
i)
2
+ Lkin
+
∑
I=A,B
1
8pi2
(
a˜
f˜I
+
2∑
i=1
a′i
f ′I,i
)
Tr
[
GIµνG˜
I,µν
]
, (D2)
where Lkin are the gauge boson kinetic terms, MA =
g
√
f21 + f
2
2 + f
2
3 is the gauge boson mass and f˜I, f
′
I,i
are the axion decay constants which depend on the
coefficients cIi and on the decay constants fi. We see
that, in unitary gauge, a˜ is eaten by Aµ and disap-
pears from the spectrum, while a′1,2 are physical and
uncharged under the diagonal U(1). The potential
is then simply
V =
∑
I=A,B
Λ4I
[
1− cos
(
a′1
f ′I,1
+
a′2
f ′I,2
)]
. (D3)
A super-Planckian decay constant can then be ob-
tained by appropriately choosing the anomaly coef-
ficients, similarly to the KNP alignment mechanism
[23]. However, due to a mixing in the axion mod-
uli space, there is a continuous parameter which can
be used to alleviate the tuning on the anomaly co-
efficients [32]. In this context, a trans-Planckian
decay constant is disfavoured in the warped case,
since the tuning of the anomaly coefficients or mix-
ing angle has to compensate the exponential down-
warping of the decay constants. For a flat metric,
the tuning is just linear and one may still obtain
a super-Planckian decay constant with reasonable
parameters.
In another model building direction, we can in-
crease the number of throats and obtain the align-
ment for a system with many axions as in Ref. [27].
This corresponds to the case with N throats and
nG = N non-abelian gauge groups, which leads to
N2 anomalous couplings. The potential (before the
SO(N) rotation) is then
V =
N∑
I=1
Λ4I
[
1− cos
(
N∑
i=1
cIi ai
fi
)]
. (D4)
In this case, it is possible to get a decay con-
stant which is enhanced by a factor that goes as
∼ √N ! cN−1, where c denotes a typical value of the
anomaly coefficients, similar to the clockwork con-
struction.
Another possibility is to consider N = 3 throats
and a single non-abelian gauge group, nG = 1.
In general, for a potential with just one cosine
and multiple axions, feff is always sub-Planckian as
1/f2eff ≡
∑
i 1/f
′2
I,i. However, the non-trivial mixing
from Eq. (D1) can lead to an enhancement as we
show in the following. At low energies, this exam-
ple leads to just one of the terms of Eq. (D3). The
explicit form of f ′A,i in this case is given by
f ′A,1 =
f1f3
√
f21 + f
2
3
|c3f21 − c1f23 |
,
f ′A,2 =
f2
√
f21 + f
2
3 (f
2
1 + f
2
2 + f
2
3 )
|c2(f21 + f23 )− (c1 + c3)f22 |
. (D5)
Compared to the convention in Eq. (20), we have
dropped the index A from the coefficients ci as here
there is only a single non-abelian gauge field. We
now impose a discrete Z3 symmetry under exchange
of the throats on the Lagrangian, which implies
ci ≡ c for all i, and we take c to be O(1) for
simplicity. This exchange symmetry can be broken
to a Z2 by a slightly differing length of the third
throat (see e.g. [42]), such that we have L1,2 ≡ L
whence f1,2 ≡ f , while L3 = L + ε with ε  k−1.
The parameter ε quantifies the Z3 breaking. Under
this assumption, we can have both f ′A,i with super-
Planckian values. We then compute the mass ma-
trix and rotate to the mass basis (a′′1 , a
′′
2), with a
′′
1
being the state associated with the zero eigenvalue,
which decouples. The potential for a′′2 is then given
by Eq. (1), with 1/f2eff ≡ 1/f ′2A,1 + 1/f ′2A,2:
feff ≈ ff3
√
2f6 − 3f4f23 + f63
(f2 − f23 )2
. (D6)
As expected from the combination of fA,1 and fA,2,
this can achieve trans-Planckian values as a small
denominator is obtained with f3 ∼ f (1− k ε). The
effective decay constant is then feff ∼ f/(k ε).
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